Given a locally free coherent sheaf on a smooth algebraic surface, we consider the Quot-scheme parametrizing zero-dimensional quotients of the sheaf and find the corresponding motivic class in the Grothendieck ring of algebraic varieties.
Introduction
Let X be a smooth algebraic variety and E be a rank r locally free coherent sheaf over X. For any n ≥ 0, let Quot(E, n) denote Grothendieck's Quot-scheme [20] parametrizing all epimorphisms E → F , where F is a zero-dimensional coherent sheaf with dim Γ(X, F ) = n, modulo automorphisms of F . If X is projective, then so is Quot(E, n).
If X is a curve, then Quot(E, n) is a smooth, connected variety of dimension rn. The numbers of points of Quot(O ⊕r X , n) over finite fields (as well as their Poincaré polynomials) were computed in [7] (see also [15, 8] ). Motivic classes of Quot(O ⊕r X , n) were computed in [10] and motivic classes of Quot(E, n) for general E were computed in [2] . The general formula for motivic classes has the form
where Exp is the plethystic exponential (see §2).
If X is a surface, then Quot(E, n) is an irreducible variety of dimension rn+n [25, 16, 12] . The Quot-scheme Quot(O X , n) is the Hilbert scheme of points Hilb n (X) which is smooth [14] . The numbers of points of Quot(O X , n) over finite fields (as well as their Poincaré polynomials) were computed in [18] and the numbers of points of Quot(O ⊕r X , n) over finite fields were computed in [37] . Motivic classes of Quot(O X , n) were computed in [19] . In this paper we will prove the following result Theorem 1.1. Let E be a rank r locally free sheaf over a smooth surface X. Then
where L = [A 1 ].
We will also give an alternative proof of the formula (1) . The idea of the computation goes back to [18, 37] , where it was observed that in order to compute invariants of Quot(E, n) it is enough to compute invariants of the punctual quotient scheme Quot(E, n) x consisting of quotients concentrated at one point x ∈ X. The corresponding result in the motivic context was proved in [35] (see also [22] ). The punctual quotient scheme can be interpreted as a quiver variety (see Proposition 4.1). In the case dim X = 1, this quiver variety is a nilpotent version of non-commutative Hilbert schemes studied in [34, 13] . In the case dim X = 2, this quiver variety is a nilpotent version of Nakajima quiver varieties [30] . In both cases the relevant quiver varieties admit a cellular decomposition and their motivic classes are well-understood.
It is an open problem to determine invariants of the punctual quotient schemes for dim X = 3, although there is a work-around based on considering virtual motivic invariants (see e.g. [5] ) and, essentially, reducing the question to the dimension two case.
In view of the above formula, we observe that for X = A 2 or X = P 2 , the quotient scheme Quot(E, n) has a motivic class which is a polynomial in L with non-negative coefficients. This suggests that Q = Quot(E, n) should be pure (meaning that the cohomology groups H i c (Q, C) are pure of weight i for all i ≥ 0). One could ask if, more generally, Quot(E, n) is pure for any smooth projective surface X. Note that in this case Quot(O X , n) is also smooth and projective, hence pure.
Motivic classes and power structures
2.1. Motivic classes. Let Var = Var k be the category of algebraic varieties over a field k of characteristic zero. Define the Grothendieck ring K(Var) of algebraic varieties over k to be the free abelian group generated by isomorphism classes of objects in Var modulo the relations
for any variety X and a closed subvariety Y ⊂ X. The ring structure is defined by
The elements of K(Var) and K ′ (Var) will be called motivic classes.
Remark 2.1. Define a pre-λ-ring structure on a commutative ring R to be a group homomorphism
such that σ t (a) = 1 + at + O(t 2 ). The ring K(Var) is equipped with a pre-λ-ring structure
where S k X = X k /S k is the k-th symmetric power, for any quasi-projective variety X.
There is an involutive ring homomorphism K ′ (Var) → K ′ (Var) [29], given by
for every smooth, projective, connected variety X. It satisfies (L n ) ∨ = L −n , for any n ∈ Z.
For k = C, define the virtual Poincaré polynomial
where h p,q (H n c (X, C)) is the dimension of the (p, q)-type Hodge component of the mixed Hodge structure on H n c (X, C). We have P (X; t) = P ([X]; t) = n (−1) n dim H n (X, C)t n/2 for any smooth, projective variety X. If the motivic class of an algebraic variety X is a polynomial in L, then it coincides with the virtual Poincaré polynomial P (X; L). For any algebraic variety X, we have
2.2. Power structures. Define a power structure over a commutative ring R to be a map
satisfying the following properties (cf. [22] )
it is continuous, meaning that for any k ≥ 0 there exists n ≥ 0 such that the k-jet of f a (i.e. f a (mod t k+1 )) is determined by the n-jet of f .
Remark 2.2.
A power structure over R is uniquely determined by the pre-λ-ring structure on R given by σ t (a) = (1 − t) −a (see [22] ). Conversely, if a pre-λ-ring structure satisfies σ t (1) = n≥0 t n , then one can construct the corresponding power structure by first defining (1 − t i ) −a = n≥0 σ n (a)t in and then defining i≥1
There exists a power structure on the ring K(Var) (see e.g. [21] ) corresponding to the pre-λring structure from Remark 2.1 satisfying the following properties
(4) it is continuous, meaning that for every k ≥ 0 there exists n ≥ 0 such that the k-jet of Exp(f ) is determined by the n-jet of f .
There is a 1 − 1 correspondence between pre-λ-ring structures on R with σ t (1) = n≥0 t n and plethystic exponentials, given by Exp
Note that by continuity and the fact that Exp(at n ) = 1 + at n + O(t n+1 ), we have
From this we conclude that Exp is an isomorphism. Let Log be its inverse map.
Proposition 2.4. (cf. [28] ) There is a 1 − 1 correspondence between power structures and plethystic exponentials on R. They are related by
Proof. Consider a power structure on R. One can show that (
). This implies that Exp given by the first formula is well-defined. The axioms of an exponential follow from the axioms of a power structure. Let Log denote the inverse of the map Exp.
, let Log(f ) = g = n≥1 g n t n . Then f = Exp(g) = n≥1 (1 − t n ) −gn and by axioms 4, 5, 8 we obtain
Conversely, given an exponential map Exp, let Log be its inverse and let f a = Exp(a Log(f )) for f ∈ 1 + tR[[t]] and a ∈ R. By continuity, for every k ≥ 0, there exists n ≥ k such that
hence we can take n = k. Therefore
hence Log is continuous. Therefore the power structure is continuous. All other axioms of the power structure are easily verified. Finally, we have Exp(t n ) = (1 − t n ) −1 , hence Log(1 − t n ) = −t n and, for any f = n≥1 f n t n , we obtain
Remark 2.5. The plethystic exponential corresponding to the standard pre-λ-ring structure on K(Var) is given by
for any algebraic variety X
Nakajima quiver varieties
3.1. Quiver varieties. Let Q = (Q 0 , Q 1 , s, t) be a finite quiver and let kQ be its path algebra over a field k. We define a Q-representation M to be a pair ((M i ) i∈Q 0 , (M a ) a∈Q 1 ), where M i is a vector space, for every i ∈ Q 0 , and M a : M i → M j is a linear map, for every arrow a : i → j in Q. We always assume that i∈Q 0 dim M i < ∞ and identify Q-representations with finitedimensional (left) kQ-modules. For any path u = a n . . . a 1 , define u|M = M u = M an . . . M a 1 considered as an endomorphism of the vector space M = i∈Q 0 M i . Similarly, we have an endomorphism u|M : M → M, for any element u ∈ kQ.
Let A = kQ/I, where I ⊂ kQ is an ideal contained in the ideal J ⊂ kQ generated by all arrows of Q. The category mod A of finite-dimensional, left A-modules can be identified with the category of Q-representations M such that u|M = 0, for all u ∈ I. For any M ∈ mod A, we define its dimension vector dim M = (dim M i ) i∈Q 0 ∈ N Q 0 . Given a vector θ ∈ R Q 0 , called a stability parameter, define the slope function
to be the closed subvariety consisting of representations that vanish on I. 
. For the trivial stability θ = 0, the moduli space
parametrizes semi-simple A-modules having dimension vector v. It is proved in [24] that there exists a canonical projective morphism π :
is projective and parametrizes S-equivalence classes of nilpotent θ-semistable A-modules (here M ∈ mod A is called nilpotent if J n M = 0 for some n ≥ 1).
Let d : Q 1 → Z, a → d a , be a map such that the ideal I ⊂ kQ is homogeneous with respect to the Z-grading on kQ induced by d. Then we can define the action of 
This result implies (see e.g.
[29]) Proposition 3.2. Assume that M θ (A, v) is smooth and d a > 0, for all a ∈ Q 1 . Then
3.2. Nakajima quiver varieties. Let Q be a finite quiver and w ∈ N Q 0 be a vector. Define the framed quiver Q f by adding to Q one new vertex * as well as w i arrows * → i, for every i ∈ Q 0 . Define the double quiverQ f of the quiver Q f by adding to Q f an arrow a * : j → i, for every arrow a : i → j in Q f . Define the pre-projective algebra
Given v ∈ N Q 0 , we extend it to v f ∈ N Q f 0 by setting v f * = 1. Define a stability parameter θ f ∈ R Q f 0 by setting θ * = 1 and θ i = 0 for i ∈ Q 0 . Define Nakajima quiver varieties [30] M
Variety M(v, w) is smooth and has dimension [30] dim
where χ is the Euler-Ringel form of Q defined by
Actually, M(v, w) is a symplectic manifold and L(v, w) is its projective subvariety (Lagrangian if there are no loops in Q) homotopic to M(v, w), see e.g. [30, 17] . Both varieties are pure.
It follows from the results of [32] (see also [29] ) that motivic classes of quiver varieties M(v, w) and L(v, w) are polynomials in L. They are related by (see Proposition 3.2)
There is an explicit formula for the motivic classes of M(v, w) [23, 27, 36, 9] (3)
Motivic classes for the Jordan quiver. Consider the Jordan quiver C 1 which has one vertex and one loop. Let M(n, r) and L(n, r) be the corresponding Nakajima quiver varieties (r is the dimension of the framing). The quiver variety M(n, r) is smooth, the quiver variety L(n, r) is projective, and their dimensions are (see below) dim M(n, r) = 2rn, L(n, r) = rn − 1.
According to [33, §3] there exists an action of T = G m on M = M(n, r) such that the fixed locus M T is finite and the attractors are By the Bia lynicki-Birula decomposition [6] , this implies that both varieties have cellular decompositions.
First proof. It is proved in [33, Corollary 3.10] (by counting cells of a Bia lynicki-Birula decomposition) that the virtual Poincaré polynomials of L(n, r) (which coincide with the usual Poincaré polynomials as L(n, r) are pure and projective) satisfy n P (L(n, r), q)t n = r i=1 j≥1
As L(n, r) admits a cellular decomposition, these polynomials also count motivic classes. We have
By the equation (2), we have [L(n, r)] ∨ = L −2rn [M(n, r)]. Therefore the first formula implies
and this is equivalent to the second formula.
Second proof. We will apply the general formula (3) for the motivic classes of quiver varieties. By the q-binomial theorem (Heine formula) we have n≥0 t n (q; q) n = 1 (t; q) ∞ = 1
where (t; q) n = n−1 k=0 (1 − q k t). For the quiver with one loop we have χ = 0, hence
hence the second formula of the theorem. The first formula follows from the above argument.
Remark 3.4. Note that the above formula for the motivic class of L(n, r) implies that dim L(n, r) = rn − 1. We will see later that L(n, r) can be identified with the punctual scheme Quot(O ⊕r A 2 , n) 0 . Its was proved in [12, 3] that this scheme is irreducible and has dimension rn − 1.
3.4. Relation to framed moduli spaces on P 2 . Let M(r, n) be the framed moduli space of torsion free sheaves on P 2 (see e.g. [31, 33] ) which parametrizes isomorphism classes of pairs (E, φ) such that (1) E is a torsion free coherent sheaf on P 2 , locally free in a neighborhood of a line ℓ ∞ ⊂ P 2 ans satisfying rk E = r, c 2 (E) = n. (2) φ : E| ℓ∞ ∼ − → O ⊕r ℓ∞ is an isomorphism, called framing. By a result of Barth [4] (see also [31] ) this moduli space is isomorphic to the Nakajima quiver variety (note that we use the framing vector w = r here) M(r, n) ≃ M(n, r)
for the quiver C 1 having one vertex and one loop. There is a projective morphism π : M(n, r) → M 0 (n, r) which is an isomorphism over the moduli space M s 0 (n, r) of simple representations. The preimage of M s 0 (n, r) corresponds to the moduli space M reg 0 (r, n) of framed locally free sheaves on P 2 (identified by Donaldson [11] with the framed moduli space of instantons on S 4 ). Therefore we have (ADHM construction [1] ) M reg 0 (r, n) ≃ M s 0 (n, r).
Motivic classes of Quot-schemes
4.1. Quot-schemes. Let E be a rank r locally free sheaf over an algebraic variety X. For any n ≥ 0, let Quot(E, n) denote the Grothendieck quotient scheme parametrizing epimorphisms E → F , where F is a zero-dimensional coherent sheaf with dim Γ(X, F ) = n, modulo automorphisms of F . For any point x ∈ X, let Quot(E, n) x ⊂ Quot(E, n) denote the subscheme consisting of quotients E → F with F supported in the point x. This scheme depends only on a (formal) neighborhood of x ∈ X. If X is smooth of dimension d, we have
The last scheme has a simple description as a nilpotent quiver variety. Proposition 4.1. Let Q be a quiver with vertices * and 1, arrows f i : * → 1 for 1 ≤ i ≤ r, and loops x i : 1 → 1 for 1 ≤ i ≤ d * 1 f 1 ,...,fr
be the corresponding quiver varieties. Then r) . Proof. Given a representation M ∈ L θ (A, v), the vector space M 1 is equipped with a module structure over R = k[x 1 , . . . , x d ] such that x i act nilpotently. This implies that the corresponding coherent sheaf over A d is supported at 0. On the other hand we have r linear maps M * = k → M 1 which induce a module homomorphism R ⊕r → M 1 . Stability condition means that M * generates representation M, hence the homomorphism R ⊕r → M 1 is surjective and we obtain a point in Quot(O ⊕r A d , n) 0 . The converse correspondence is straightforward. The proof for M d (n, r) is the same. Theorem 4.2 (see [35] ). Let E be a rank r locally free sheaf over a smooth algebraic variety X of dimension d. Then
. and has no relations. The quiver variety M 1 (n, r) is smooth, has dimension rn and admits a cellular decomposition (see e.g. [34, 13] ). 
By the Bia lynicki-Birula decomposition [6] , this implies that both varieties have cellular decompositions.
The virtual Poincaré polynomials of M 1 (n, r) (or equivalently, polynomials counting their points over finite fields) satisfy (see e.g. [34, §5])
Proof. The first formula follows from equation (5) as M 1 (n, r) admits a cellular decomposition. As M 1 (n, r) is smooth and has dimension rn, we conclude from Proposition 3.2 that
and taking the duals we obtain the second formula.
Remark 4.5. We conclude from the above result that dim L 1 (n, r) = rn − n.
Theorem 4.6 (see [10, 2] 
Then the above theorem takes the form (cf. [15] for
4.3.
Quot-schemes over surfaces. Given n, r ≥ 0, let L 2 (n, r) be the quiver variety from Proposition 4.1. On the other hand let L(n, r) be the nilpotent Nakajima quiver variety for the quiver C 1 having one vertex and one loop.
Proposition 4.9. We have L 2 (n, r) ≃ L(n, r).
Proof. The quiver variety L(n, r) parametrizes representations of the quiverQ f having two vertices * and 1, two loops x, x * : 1 → 1 and arrows f i : * → 1 and f * i : 1 → * for 1 ≤ i ≤ r. The relations are
If M ∈ L(n, r) then the linear maps M f * i : M 1 → M * are zero (see e.g. [30, 26] ). This implies that M can be interpreted as a point of L 2 (n, r). The converse is straightforward. Exp([X]L i+rj t j+1 ).
Therefore in the context of point-counting the above theorem, for an algebraic surface X over a finite field F q , takes the form (cf. [37] for E = O ⊕r X ) n≥0 # Quot(E, n)t n = r−1 i=0 j≥0 Z(X; q i+rj t j+1 ).
Remark 4.14. We have Quot(O r A 2 , n) ≃ M 2 (n, r), hence the above result implies n≥0 [M 2 (n, r)]t n = Exp [P r−1 ]L 2 t] 1 − L r t .
Note that M 2 (n, r) ⊂ M(n, r) and n≥0 [M(n, r)]t n = Exp [P r−1 ]L r+1 t 1 − L r t by Theorem 3.3. This implies that M 2 (n, r) and M(n, r) are not equal in general. However, we have an equality M 2 (n, 1) = M(n, 1) = Hilb n (A 2 ) (see e.g. [31] ).
